de Rham Cohomology of Period Domains by Rahmati, Mohammad Reza
ar
X
iv
:1
50
2.
02
38
1v
8 
 [m
ath
.A
G]
  3
 A
ug
 20
15
CHARACTERISTIC COHOMOLOGY OF MUMFORD-TATE
DOMAINS
MOHAMMAD REZA RAHMATI, KHURRAM SHABBIR
Abstract. In this text we pretend to find generators and relations for the univer-
sal characteristic cohomology of MT-domains of Hodge structures by some struc-
ture theorem via toric stacks. We also compare a uniformization theorem of toric
stacks with the corresponding structure on MT-domains.
Introduction
Assume D is a period domain of pure Hodge structures defined by Griffiths, with
the period map (∆∗)n → Γ \D, where Γ is the monodromy group. The domain D
can be understood as the orbit of a polarized Hodge structure (HQ, F
•, Q), under the
action of a reductive group G presering the polarization form Q. We treat a partial
compactification of Γ \ D so that the period map is extended over ∆n. There are
different theories of compactifications for period domains D. Kato and Usui provide
the toroidal compactifications for any period domain D, which is not Hermitian
symmetric in general and show these are moduli spaces of log Hodge structures.
This partial compactification is given by using toroidal embedding associated to the
cone generated by the data of the monodromies. The Mumford-Tate (MT)-domains
of a Hodge structure
φ : S(R)→ Gl(V,R)
is the orbit under the MT-group of the Hodge structure φ. They are reductive Lie
algebraic group defined over Q.
Mumford-Tate domains can be considered as a toric stack, by a definition using
Stacky-fans. The structure is compatible with the Kato-Usui generalized toroidal
compactification as we will see below by the definition. In this way we may regard
some additional data on MT-domains which preserves the stabilizers of the points
under a Lie group action. A toric stack is a simple generalization of the definition
of toric variety, but we will concern the toric action as a groupoid action. There are
several definitions of toric Stacks in the literature. A toric stack is the stack quotient
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of a normal toric variety X , by a subgroup G of its Torus T , cf. [GS]. The main task
of this text is to match this definition with how to express the definition with that
of period domains of Griffiths, Mumford-Tate domains, and their boundary points
via the Kato-Usui generalized toroidal compactification. As an application one can
consider the universal characteristic cohomology of Mumford-Tate domains as a type
of stack cohomology (orbifold cohomology).
A simple way to define a toric stack is by the definition of a stacky fan (Σ, β, N),
where Σ is a fan, β : Zn → N a homomorphism of abelian groups with finite cokernel,
and N is a lattice in Rn. Toric stacks are Deligen-Mumford stacks, that is they can
be understood similar to usual manifolds. Such stacks are also smooth as DM stacks
and their boundary points have codimension 1 as a sub-stack. Toric stacks satisfy a
simple uniformization structures as a global quotient via the structure of their Chow
group or equivalently their Picard group of line bundles. We explain this by root
sheaves or root of line bundles associated to rays in their fan.
In this text we show that MT-domains of Hodge structure are smooth DM-stacks
and in this way satisfy the same uniformization theorem as general smooth DM-
stacks. We propose to apply the structure theorems of toric stacks to Kato-Usui
partial toric compactification of period and Mumford-Tate domains. To this target,
we briefly mention some basic results on toric stacks as smooth Deligne-Mumford
stacks from the references, [FMN] and [J]. Our strategy is to combine this literature
with Hodge theory as much as possible. The Proposition 2.1 and part (4) of Section
3 seem to have new contributions. The basic material on MT-domains in use are
from [TH], [KP], [GGK]. We refer to [WF] for preliminaries on Toric varieties.
1. Toric Stacks
Toric stacks are generalization of the notion of toric varieties and their torus ac-
tions. The point is to upgrade the action of the torus to a groupoid action. The action
ρ is equivalently thought of a functor ρ : BG→ Sets, from the group G regarded as
a one-object groupoid, denoted by BG. This functors sends the single object to the
set X . The notion of groupoids and their action can be generalized over arbitrary
schemes. Let S be a base scheme. The action of the groupoid G on an S-stack is a
morphism G ×S X → X with two arrows ηx : e × x ⇒ x, (g1.g2) × x ⇒ g1.(g2.x).
The example we are interested in are Deligne-Mumford torus. A Deligne-Mumford
torus is a Picard stack over Spec(C) which is obtained as a quotient [TL/G], with
φ : L → N is a morphism of finitely generated abelian groups such that ker(φ) is
free and coker(φ) =: G is finite, and TL is a torus associated to the lattice L. Any
Deligne-Mumford (DM) torus is isomorphic as Picard stack to T × BG, where T is
a torus and G is a finite abelian group.
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A smooth toric Deligne-Mumford stack is a smooth separated DM-stack X to-
gether with an open immerssion of a Deligne-Mumford torus ı : T →֒ X with dense
image such that the action of T on itself extends to an action T × X → X . In
this case a morphism is a morphism of stacks which extends a morphism of Deligne-
Mumford tori. A toric orbifold is a toric DM-stack with generically trivial stabilizer.
A toric DM-stack is a toric orbifold iff its DM-torus is an ordinary torus. The same
as way to define toric varieties by combinatorial data of their fan, a toric stack may
also be defined by a stacky fan.
A stacky fan is a pair (Σ, β), where Σ is a fan on a lattice L and β : L → N
is a homomorphism to a lattice N , so that coker(β) is finite. A stacky fan gives
rise to a toric stack as follows. Let XΣ be the toric variety associated to Σ. The
map β∗ : N∗ → L∗ induces a homomorphism of Tori, Tβ : TL → TN , by naturally
identifying β with the induced map on lattices of 1-parameter subgroups. Since
coker(β) is finite, β∗ is injective, so Tβ is surjective. Let Gβ = ker Tβ . Note that TL
is the torus on XΣ, and Gβ ⊂ TL is a subgroup. The action of Gβ on XΣ is induced
by the homomorphism Gβ → TL. If (Σ, β) is a stacky fan, we define the toric stack
XΣ,β to be [X /Gβ], with the torus TN = TL/Gβ. This construction is also reversable
in a trivial way, [GS].
One may expect that toric DM-stack can be represented by a larger Z with larger
group G. For instance, the classifying stack Bµ3 = [∗/µ3] is a toric DM stack by the
stacky fan (N = µ3, 0, 0). It is isomorphic to [C
×/C×] where C× acts by (λ, x)→ λ3x.
It is simply possible that a toric stack correspond to different stacky fans. Motivated
by the study of gerbes one introduces the notion of extended stacky fan. An extended
stacky fan is a triple (N,Σ, βe) where N,Σ are the same as the stacky fan Σ, and
βe : Zm → N is determined by b1, ..., bn and additional elements bn+1, ..., bm. Then
the toric DM-stack is defined by [Ze/Ge], where Ze = Z × (C×)m−n, and Ge acts
on Ze through the homomorphism αe : Ge → (C×)m−n determined by the extended
stacky fan, [J].
A coherent sheaf on a DM stack [Z/G] is a G-equivariant sheaf on Z. As usual a
line bundle on [Z/G] is given by a character χ of G. Let b be a positive integer. We
denote by a
√
L/X the fiber product
(1)
a
√
L/X −−−→ BC∗y
y∧b
X −−−→
L
BC∗
where ∧b is the map that sends an invertible sheaf to its b-th power. More explicitly
an object of a1
√
L/X over f : S → X is a couple (M,φ) whereM is an invertable sheaf
on S and φ : M⊗b
∼=
→ f ∗L is an isomorphism. Let X be a smooth algebraic stack.
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Assume D = (D1, ..., Dn) are n effective Cartier divisors and a = (a1, ..., an) ∈ N
n
>0.
Then the a-th root of (X,D) is the fiber product
(2)
a
√
D/X −−−→ [An/(C∗)n]y
y∧a
X −−−→
L
[An/(C∗)n]
∧a : [An/(C∗)n] → [An/(C∗)n] is the stack morphism xi → x
ai
i and λi → λ
ai
i ,
where xi, λi are coordinates in A
n and (C∗)n respectively. The structure morphism
X → X¯ into its coarse moduli space factors canonically via the toric morphisms
X → Xrig → Xcan → X¯ where the first map is an abelian gerbe over Xrig, and is a
fiber product of roots of toric divisors as in (2), and the last is the minimal orbifold
having X¯ as a coarse moduli space. For instance, the stack P(w) ∼= [(Cn+1 \0)/C∗] is
a toric DM-stack with deligne-Mumford torus [Cn+1/C∗] ∼= Cn×Bµd. It is canonical
if gcd(w0, ..., wˆi, ..., wn) = 1. It is an orbifold if gcd(w0, ..., wn) = 1, [FMN].
Proposition 1.1. [FMN] (1) Let X be toric Deligne-Mumford stack with Deligne-
Mumford torus isomorphic to T × BG. Given G =
∏l
j=1 µbj . There exists Lj in
Pic(Xrig) such that X is isomorphic as a G-gerbe over Xrig to
(3) b1
√
L1/Xrig ×Xrig ...×Xrig
bl
√
Ll/Xrig
where the classes (L1, ..., Ll) ∈
∏l
j=1 Pic(X
rig)/bjPic(X
rig) are unique. Moreover
the reduced closed substack X \ T is a simple normal crossing divisor.
(2) Let X be a smooth toric Deligne-Mumford stack with DM-torus isomorphic to
T ×BG, with X¯ as coarse moduli. denote by n the number of rays in the fan of X¯.
Then there exists a unique (a1, ..., an) ∈ N
n
> such that
Xrig ∼= a1
√
Dcan1 /X
can ×Xcan ...×Xcan
an
√
Dcann /X
can
where Di is the divisor corresponding to the ray ρi.
2. Higher structure on Mumford-Tate domains
We apply the structure theorems of section 1 to the structure on period and
Mumford-Tate domains. To begin with let V be finite dimensional Q-vector space,
and Q a non-degenerate bilinear map Q : V ⊗ V → Q which is (−1)n-symmetric for
some fixed n. A Hodge structure is given by a representation
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φ : U(R)→ Aut(V,Q)R, U(R) =
(
a −b
b a
)
, a2 + b2 = 1
It decomposes over C into eigenspaces V p,q such that φ(t).u = tpt¯q.u for u ∈ V p,q,
and V p,q = V q,p. It is well-known that Ad(φ) : U(R)→ Aut(gR, B) defines a weight
0 Hodge structure, where B is the Killing form. Then gC has a decomposition
g = g−φ ⊕ g
−
φ ⊕ hφ, g
− := ⊕i>0g
−i,i
φ
and Tφ,RD ⊗ C = g
−
φ ⊕ g
−
φ , TφD = g
−
φ . The Mumford-Tate group MΦ of the Hodge
structure φ is the smallest Q-algebraic subgroup containing the image of φ, and is a
reductive Lie group, that satisfies the almost product decomposition
(4) MΦ =M1 × ...×Ml × T
The associated Mumford-Tate domains Di (theMi(R)-orbit of φ(s0)) have a splitting
of the
(5) DMΦ = D1 × ...×Dl
Assume Φ : S → Γ \ D is a variation of Hodge structure and let T1, ..., Tn be
generators of the monodromy group Γ. Then the partial compactification Γ \Dσ is
given by the cone
σ =
n∑
j=1
R≥0Nj , Nj = log Tj
in the lie algebra g := Lie(GC) ⊂ Hom(V, V ). Here a boundary point is a nilpotent
orbit associated to a face σ. Set Γ(σ)gp = exp(σR)∩GZ, Γ(σ) = exp(σ)∩GZ. The
monoid Γ(σ) defines the toric variety
(6) Dσ := Spec([C[Γ(σ)
∨])an ∼= Hom(Γ(σ)
∨,C)
with the torus
(7) Tσ := Spec(C[Γ(σ)
∨gp])an ∼= Hom(Γ(σ)
∨gp,Gm) ∼= Gm ⊗ Γ(σ)
gp
Let Σ be a maximal fan in m := Lie(M). Consider the injective map β = e :
log γ 7→ γ restricted to Σ = Z〈N1, ..., Nr〉. The map e is an isomorphism onto its
image mZ a maximal lattice in m. The triple (DM , e : ΣZ → mZ,Σ) is a toric stack.
On the lattices e is an isomorphism, mentioning that the generic stabilizer is trivial.
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Theorem 2.1. The triple (DM , e : ΣZ → mZ,Σ) is a smooth toric Deligne-Mumford
stack. This stacky structure decomposes as
(8) DMΦ = D1 × ...×Dl
where
D ∼= b1
√
L1/D ×D ...×D
bl
√
Ll/D ∼=
d
√
L/Z
Di ∼=
b1i
√
L1i/Di ×Di ...×Di
bli
√
Lki/Di ∼=
di
√
Li/Zi
where bij ∈ N>0 and d = gcd(b1, ..., bl), di = gcd(b1i, ..., b1k). Moreover DMΦ is rigid.
Proof. The first part is by the definition and the construction above. The decompo-
sition in (8) follows from proposition 1.1 and the uniqueness of splitting in (5). It is
rigid because the map e : ΣZ → mZ is an isomorphism onto its image. 
3. Cohomology
(1) Differentiable stacks are stacks over the category of differentiable manifolds.
They are the stacks associated to Lie groupoids. A groupoid X1 ⇒ X0 is a Lie
groupoid if X0 and X1 are differentiable manifolds, structure maps are differentiable,
source and target maps are submersion. There is associated a simplicial nerve Xp
of p-fold cartesian product of X1 over X0. Then we get an associated co-simplicial
object (Ωq(X•, ∂ =
∑p
i=0(−1)
i∂∗i ). The cohomology groups H
k(X,Ωq) are called
the Cech cohomology groups of the groupoid X = [X1 ⇒ X0]. The double complex
Apq := Ωq(Xp) is called the de Rham complex of the stack X , and its cohomologies
are called de Rham cohomologies of X . The cohomology of the DM-stack X is
defined to be HnDR(X) = H
n
DR(X1 ⇒ X0), for any groupoid atlas X1 ⇒ X0 of the
stack X .
If G is a Lie group then Hk(BG,Ω0), is the group cohomology of G calculated
with differentiable cochains. When the stack X is a quotient stack there is a clear
explanation of its cohomology as an equivariant cohomology. There is a well-known
generalization of the de Rham complex to the equivariant case, namely the Cartan
complex Ω•G(X), defined by
(9) Ω•G(X) :=
⊕
2k+i=n
(Skg∨ ⊗ Ωi(X))G
where S•g∨ is the symmetric algebra on the dual of the Lie algebra of G. The group
G acts on g by adjoint representation on g∨ and by pull back of differential forms
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on Ω•(X). The Cartan differential is dDR − ı where ı is the tensor induced by the
vector bundle homomorphism gX → TX coming from differentiating the action. If G
is compact, the augmentation is a quasi-isomorphism, i.e
(10) H iG(X)
∼=
−→ H i(Tot Ω•G(X•))
for all i and the groupoid X•, [KB].
Proposition 3.1. [KB] If the Lie group G is compact, there is a natural isomorphism
H iG(X)
∼=
−→ H iDR(G×X ⇒ X) = H
i
DR([X/G])
As a corollary H∗DR(BG) = (S
2∗g∨)G for a compact lie group G. If G is not com-
pact, then HDR([X/G]) is still equal to equivariant cohomology. This fact holds for
equivariant cohomology in general.
(2) Let X be a complex manifold and W ⊂ X a holomorphic sub-bundle. Then
I = W⊥ ⊂ T ∗(X) is also holomorphic and let I¯ be its conjugate. Let I•• ⊂ A•• be
the differential ideal of sections of I ⊕ I¯ in the algebra of smooth differential forms
on X . The characteristic cohomology of X denoted H∗I(X) is the cohomology of the
double complex ⊂ A••/I••.
LetD be a period domain for a PHS (V,Q, φ) of weight n and set ΓZ = Aut(VZ,Q).
In the tangent bundle TD there is a homogeneous sub-bundle W whose fiber at φ
is Wφ = g
−1,1
φ = {ψ ∈ TφD : ψ(F
p
φ) ⊂ F
p+1
φ } defined by, namely infinitesimal period
relations (IPR). There is a natural inclusion TF •Dˇ ⊂ ⊕pHom(F
p, VC/F
p). We shall
assume that, the canonical sub-bundle W ⊂ TDˇ given by the infinitesimal period
relation is defined by
WF • = TF •Dˇ ∩ (⊕pHom(F
p, F p−1/F p))
The bundleW → Dˇ is acted by GC, and the action of GR onW → D leaves invariant
the metric given by Cartan killing form at each point. With the identification TφD =
⊕i>0g
−i,i we have Wφ = g
−1,1
φ . In our case, take X = DM ⊂ D to be a Mumford-Tate
domain, and WM ⊂ TDM is the infinitesimal period relation. Denote by Λ
••
M the
complex of G(R)-invariant forms in A••(DM)/I
•• with the operator δ : Λ•M → Λ
•+1.
H∗(Λ•M , δM) is called the universal characteristic cohomology, [GGK].
Proposition 3.2. [GGK] The universal characteristic cohomology i.e the cohomol-
ogy of A••(DM)/I
••, δ : Λ•M → Λ
•+1) := H∗(Λ•M , δM) is equal to the equivariant co-
homology H∗(I••). Moreover, H2p−1(Λ•M , δM) = 0 and H
2p−1(Λ•M , δM) = (Λ
p,p)m
0,0
.
The universal characteristic cohomology is equal to the de Rham cohomology of
the stack DM . In case DM = D andM = G, the universal characteristic cohomology
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is generated by the chern forms of Hodge bundles. According to the proposition 3.2
and the remark after that, the universal characteristic cohomology can be understood
as the stack cohomology of the Mumford-Tate domains. One can ask; hat are the
conditions that the chern forms of Hodge bundles on DM generate the characteristic
cohomology? In case this holds what are the relations?.
(3) Keeping the notation as section (1), let P → B be a principal (C×)m-bundle.
The group Ge acts on the fiber product P ×(C×)m Z
e via the map αe, where αe is
given by the stacky fan. Each θ ∈ M = N∗, gives χθ : (C
×)m → (C×) and assume
the line bundle ψθ = P ×χθ C be given by the ray θ. Then one knows that
(11) H∗orb([(P ×αe Z
e)/Ge] =
H∗(B)[N ]⊗Q[N ]Σ
e
<
∑
i c1(ψθ) + θ(bi)y
bi >θ∈M
where H∗orb is the orbifold Cohomology ring, H
∗ the usual cohomology ring, < . >
means the ideal generated by ., and Q[N ]Σ
e
is ⊕c∈Ny
c where y shows formal variables
and the multiplication yc.yc
′
= yc+c
′
when there is σ ∈ Σ such that βe(c) and
βe(c′) ∈ σ, and 0 otherwise, [J].
(4) We apply the situation in (3) to the homogeneous manifoldG/V of the principal
bundle V →֒ G → G/V = D and the homogeneous vector bundle E associated to a
representation ρ : V → Gl(H), for H a complex vector space. The formula in (11)
translates into
(12) H∗orb([E = G×V H ]) =
H∗(DM)[m]
Σ
<
∑
i c1(ψλ) + λ(bi)y
bi >λ
The line bundles ψλ are coming from the action of the torus T , i.e the roots of
the representation ρ. The equation (12) explains that the relations in characteristic
cohomology can be given by polynomial equations in terms of first chern classes of
line bundles associated to the co-characters of a maximal torus T in G. The same
method can be applied to the principal bundle P →֒ GC → Dˇ where P is a parabolic
subgroup. The curvature form Θ of a homogeneous manifold of this type can always
be expressed as
Θ = A ∧t A¯− B ∧t B¯
where A,B are matrices of (1, 0)-forms. Using Cartan structure equation one obtains
the following explicit form of Θ,
Θ = −
∑
α,β∈∆+−Φ
[eα, eβ]v ⊗ ω
α ∧ ω¯β
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where ∆+ is a system of positive roots for the root decomposition g = h⊕
⊕
α∈∆ gα, eα ∈
h∨ the root vectors, ωα = e∨α and v = Lie(V ), Φ the corresponding sub-root system
for V .
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